Coefficients of a relative of cyclotomic polynomials 



C/3 



Ricky Ini Liu 
University of Michigan 
Ann Arbor, Michigan 
riliu@umich.edu 

September 27, 2012 

Abstract 

Let N — pip2 ■•■Pn be a product of n distinct primes. Define Pn(x) to be the polynomial (1 — 
xN )Ui<i< ] < n ( 1 ~ xN/(mPi) ) / Yl^A 1 " xN/Pz )- (Whenn = 2, P pq (x) is the pq-th cyclotomic polynomial, 
and when n = 3, P pqr (x) is (1— x) times the pqr-th cyclotomic polynomial.) Let the height of a polynomial 
be the maximum absolute value of one of its coefficients. It is well known that the height of <& pq (x) is 
1, and Gallot and Moree [3] showed that the same is true for P pqr (x) when n — 3. We show that the 
coefficients of Pn(x) depend mainly on the relative order of sums of residues of the form pj 1 (mod pi). 
This allows us to explicitly describe the coefficients of Pn(x) when n = 3 and show that the height of 
Pn{x) is at most 2 when n = 4. We also show that for any n there exist Pn(x) with height 1 but that in 
general the maximum height of Pn(x) is a function depending only on n with growth rate 2" / 2 +°( nl °s n ) 

1 Introduction 

We say the height of a polynomial in Z[x] is the maximum absolute value of any of its coefficients. It has 
long been known that the cyclotomic polynomials <& n (x) have a tendency to have small heights compared 
to n. For instance, if n is divisible by at most two odd primes, then the height of $> n (x) is 1 [7J. However, 
when n = pqr, where p < q < r are odd primes, the height of <fr n (x) is only bounded by a linear function 
in p [I]. On the other hand, Gallot and Moree showed that any two adjacent coefficients of Q pqr (x) differ 
by at most 1, which is equivalent to showing that (1 — x)Q pqr (x) has height 1 [3J. The heights of other 
cyclotomic polynomials and products of cyclotomic polynomials have been studied extensively elsewhere 
(see, for instance, g], g], [5], [5J, [S], [ID])- 

We generalize & pq (x) and (1 — x)<& pqr {x) by considering the polynomial 

n{x) - n:,ii - 

where N = P1P2 • ■ - Pn is a product of n distinct primes and Ni t ...i m — N/(pi 1 ■ ■ -pi m ). In some sense, Pjv(x) 
is a toy version of the cyclotomic polynomial in that $jv(x) can be written as a rational function containing 
in the numerator or denominator all (1 — x •■•**») while Pn(x) contains only those for which m < 2. 

Let M(n) be the maximum height of Pn(x) when N has n distinct prime factors. Since when n = 2, 
^pgO^) = ®pq( x ), an d when n = 3, P pqr (x) = (1 — x)$> pqr (x), it is already known that M(2) = M(3) = 1. 
We will show that M(4) = 2 as well as that M(n) exists for all n, so that the height of Pn(x) is bounded by 
a function in n that does not depend on the individual primes dividing N. We will also provide an explicit 
expression for the coefficients of Pn(x) that generalizes the known expressions for the coefficients of $> pq (x), 
and we exhibit polynomials Pn(x) with height 1 for any n. Finally, we will show that although M{n) is 
small when n is small, in fact M(n) grows exponentially in n 2 . 

We begin in Section 2 with some preliminaries, including a short proof that the height of $ pg (x) is 1. In 
Section 3 we prove that the coefficients of Pn(x) can be described in terms of the relative order of sums of 
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residues of the form p^ (mod pf), and we then use this to give an upper bound on M(n). In Section 4 we 
explicitly and pictorially describe the coefficients of Pn(x) for n = 3 and prove that M(4) = 2. In Section 5 
we construct polynomials Pn{x) with large height and thereby show that M(n) = 2^™ +C(nlogn)_ Finally, 
in Section 6 we construct Pjv(x) with height 1 for all n. 



2 Preliminaries 

Let n > 1 be a positive integer, and let N — P1P2 ■ • -p n De the product of n distinct primes. For ease of 
notation throughout, we write N,^....^ = N/{pi x • ■ -pi m ) for any ii, . . . , i rn G [n]. 
Our main object of study is the following: 



Pn(x) 



(i-^)ni< i<3 <n(i- ^ 



Remark. Essentially all of the results below regarding the coefficients of P/v (x) will hold even when the pi 
are not distinct primes but only pairwise relatively prime positive integers greater than 1. However, we will 
assume for the remainder that they are prime in order to simplify the statements of the results. 

Proposition 2.1. The rational junction P/v(x) is a polynomial with integer coefficients. 

Proof. Every root of the denominator is a root of unity with order of the form ■ ■ ■ pi m . Such a root 
appears n — m times in the denominator and 1 + (™^ m ) times in the numerator. Since (™^ m ) + 1 — (n — m) = 
h{n — m — l)(n — m — 2) > 0, Pjy(x) is a polynomial, and it has integer coefficients since both the numerator 
and denominator are monic integer polynomials (up to sign). □ 



When n = 2 and N — pq, we have 

(l-x pq )(l -x) 
(1 - xP)(l - xi) 



where $ pg is the pq-th cyclotomic polynomial. Likewise, when n = 3 and N = pqr, we find that P pqr {x) = 

(1 X)$pg r (x). 

It is well known that $ pq has all of its coefficients at most 1 in absolute value (see, for instance, [7]), and 
Gallot and Moree [3] have recently shown that (1 — x)§ pqr (x) also has this property. We give one proof of 
the result for <fr pq below for illustrative purposes. 

For a rational number c = £ with b relatively prime to m, we will write [c] m for the smallest nonnegative 
integer k such that kb = a (mod m). Note that < [c] m < m — 1. 

We first need the following easy lemma. 

Lemma 2.2. Let p and q be distinct primes. Then 

(1 - x p ^«) + (x pq - x 9 ^ 1 ^) ee 1 — x (mod (1 - x p )(l - x q )). 

Proof. Note that + <7[<7 _1 ]p is congruent to 1 (mod p) and 1 (mod q) and lies between 1 and 2pq, so 

it must equal pq + 1. Then the difference between the two sides is 

P\P^ 1 ] q _ rr <l[<l~ 1 }p 4- rPI — X (l — X P ^- p l ^ q ^ 1 )(l - X q ^ q ^ p_1 ), 



x — x^ 1 ^ ,q — x 



and the two binomials are divisible by 1 — x q and 1 — x p , respectively. □ 

We now derive an expression for P pq (x) that will allow us to easily extract its coefficients. 

Proposition 2.3. Modulo 1 — x pq , P pq (x) is congruent to the polynomial 

I — x vi i _ x p[p~ 1 ] q i _ x pi x pi _ x q[q~ 1 ] P 
1 - x q 1 - x p h 1 - x p 1 - x q ' 
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Figure 1: Finding the coefficients of P pq (x) — $ pq (x) when p — 5 and q = 7. Since + qlq^^p = 1 

(mod pq), we draw lines directly to the left and above 1 in the table. To find the coefficient of x , find k 
and add the signs in the corresponding row and column. Therefore the coefficient is 1 for the exponents in 
the northwest region, —1 for those in the southeast region, and for all others. 

Proof. By subtracting P pq (x) from the above expression and dividing by 1 — x pq , we must show that 

(1 - ccftP" 1 ^) + ( x pq - x q ^p) - (1 - x) 
(1 - xp){\ - x q ) 

is a polynomial. But this follows from Lemma [2~2l □ 

Let us write {a < b} — 1 if a < b and otherwise (and similarly for other inequalities). 
Proposition 2.4. For < k < pq, the coefficient of x k in P pq (x) is 

{[kp- 1 ] q <[p- 1 } q }-{[kq- 1 } p >[q- 1 } p }. 
Proof. The first term in Proposition 12.31 can be written as 

(1 + x p + x 2p + ■ ■ ■ + x { ^"-^ p ){l + x q +x 2q + ■■■ + x {p - l)q ). 

This has terms of the form x ap+bq , where < a < and < b < p. But [(ap + bq)p^ 1 ] q — a, so modulo 

1 — x pq these are the terms x k , < k < pq, such that [fcp _1 ] 9 < [p -1 ]^. A similar analysis of the second term 
in Proposition 12.31 (as well as the fact that degP pq < pq) gives the result. □ 

One can describe Proposition ^. 4| pictoriallv as follows. (A similar diagram can be found in [2].) Construct 
an array with p rows and q columns such that the entry in the (i + l)st row and (j + l)st column is [pj + qi] pq . 
Then to find the coefficient of x k , we add 1 if A: lies in the first [p _1 ] g columns and subtract 1 if it lies 
in the last p — [q^ 1 ]^ rows. (See Figure [TJ) There are therefore coefficients equal to 1 and 

(9 ~ — fe -1 ]?) = [P^^qil^^p ~ 1 coefficients equal to —1. 

Let the height of a polynomial be the maximum absolute value of one of its coefficients. We will write 
M{n) for the maximum height of Pn(x) over all N = P1P2 • • -Pn- We have just seen that M(2) = 1. 

The purpose of the next section is to provide a similar description of Pn(x) for larger n and thereby 
derive an upper bound on M(n) (in particular showing that M{n) exists). 

3 Coefficients of Pn(x) 

In Section 2, we have seen that for < k < pq, the coefficient of x k in P pq (x) depends only on the relative 
orders of the elements in and In this section we will show that a similar 

result holds for the coefficients of Pjv(x) in general. We will also provide an exponential upper bound on 
M(n). This bound will be enough to show that M(3) = 1, and we will see that this bound is in fact 
asymptotically tight in Section 5. 

We first mimic the strategy of Proposition l2.3l we will write Ppf(x) modulo 1 — x N as a linear combination 

of (1 — x N )/ (1 — x Ni ). In fact, we will do so in 2^ different ways. (We remark that this approach essentially 
expresses P/v(x) as a "coboundary" a la Question 25 of Musiker and Reiner [9].) 
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Proposition 3.1. Let S be a set such that for all integers 1 < i / j < n, S contains exactly one of the 
ordered pairs (i,j) and Then modulo 1 — x , Pn(x) is congruent to the polynomial 

E ( I _ X N, 11 i _ X N 3 ' 11 I _ x Nj ' 11 (l — * J " 2 ) 

»=1 V (ij')eS 0',i)GS l<ii<j2<n 

Proof. Note that the denominator of each term on the left is the same as the denominator of P/v (a;) . Therefore 
it suffices to show that, modulo the denominator 11™= l V- ~ xNi )> 

*=1 (ij')eS (j,i)ES l<Jl<j2<n ' 1<J1<J2<" 

Note that IlILi (l — 3^*) is the least common multiple of (l — x Ni ^ •■•*"») as {zi,...,i m } ranges over 

nonempty subsets of [n] because any root of order iV^...^ appears m times. Therefore it suffices to check 

that the congruence holds modulo each (l — 

Note that 1 — x Ni i-- im divides the zth term on the left side (m — 1) + ) = (™) times when i G 
. . . ,i m } and m + (™) = ("^ ) times otherwise. It also divides the right side (?) times. 
When m = 1, 1 — divides all the terms on the left except when i = i\. Reducing the exponents in 

that term modulo iVj, it suffices to observe that 

b>i% ■ N 3 = N i ■ Pl[Pl ]K 1 1 + % = % (mod N t ), 
Pj 

so each factor is congruent to the corresponding factor on the right. 

When m = 2, both sides are divisible by 1 — x ^ , and all but the zith and ^th terms on the left are 
divisible by its square. Let y — x 'i*^, and without loss of generality, assume (21,12) G S. In the i]th term, 
the factor corresponding to (iijia) is divisible by 1 — y, and any factor corresponding to or (j,ii) is 

congruent modulo 1 — y to 1 — or^u by the calculation in the previous paragraph. Similarly reducing the 
12th term and ignoring the common factors on both sides, we find that it suffices to show that 

(1 - yP«K^<-i,) + _ yP'stjClpn ) = l-y (mod (1 - yf). 



This follows from Lemma [ 

When m > 3, (™) > m, so both sides are divisible by (l — x Ni t- A ™>) . This completes the proof. □ 

Using Proposition 13. 1[ we may now state a result similar to Proposition 12.41 Let us write Pn(x) for the 
reduction of Pn(x) modulo 1 — x N (so Pn(x) has degree less than N). 

Theorem 3.2. Let S be as in Provosition \3.1\, and let 

fm= n {[^i~ x ]» <\pt%)- n -nkNiX > [p^xh 

(i,j)es u,i)es 



The coefficient of x k in Pn(x) is 



E E (~V lAl Mk~N A ), 

8=1 AcAt 



where A4 is the set of all two-element subsets of [n]\{i} and Na — ^2ij. j 2 }eA^hh' ^ n particular, if 
degP^r < N, then this is also the coefficient of x k in Pm{x). 
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Proof. The expression 



n i _ X Nj ■ n 

(ij)eS (j.i)C.S 

is the sum of terms ±x k , where k = ^2ajNj such that < a, < p.;, < a 3 < [p^ ]p< if (^j) e an d 
br 1 ]p J — a i < Pi ^ (i) e an d the sign is given by the parity of the number of j in this last case. Note 
that modulo pj, k = a,jNj, so aj = [kNj 1 ] Pj . Thus the above expression modulo 1 — x N is just ^2^ = q fi(k). 
The result now follows easily from Proposition 13. II □ 

If Pm = P/v, we find the following corollary. 

Corollary 3.3. If deg Pn < N, then the coefficient of x k in Pn(x) for k < N depends only on, for each j, 
the relative order of the 2"~ 1 + 1 residues [kN~ 1 ] Pj and [^j/^xPj'^Pj f or a ^ ^ *- 

Proof. Observe that fi(k) depends only on the relative order of [kNj] Pj , 0, and [p^lpj f° r eacn j- For any 

A C Ai as in Theorem 13. 2[ consider k! = k — Na- We have [Nj 1 j 2 Nj] Pj = if j £ {ji, J2}, while if instead 

{ji,h} = {j,f}, then [N n ,N-\ = [pj, 1 ]^. Let Tj = {f \ {j,j>} E A}. Thenk'N' 1 = kNJ 1 -^ jfeTj pj, 1 

(mod pj). Thus fi(k') depends only on the relative order of [kN~ 1 ] Pj , [J^j'eTj Pj'\j > and EyeT,u{i} Pj'\j 
for each j. Considering all possible A and i and using Theorem 13.21 gives the result. □ 

In particular, these coefficients do not even depend on the specific primes pi as long as the order of the 
residues is given. We will say N is generic if degPjv < N and all the E 3 - e rPj ] Pi a re distinct for any fixed 
i. In this case, it follows that if we plot the integers < k < n at ([kNj 1 ] Pl , . . . , [kN~ x ] Pn ), there exists an 
analogous diagram to Figure [I] with n dimensions and 2 ra ( n_1 ) regions. We will investigate this diagram in 
the case n = 3 in more detail in the next section. 

The condition that deg Pn < N is fairly weak in that it holds always for small n and "most" of the time 
for large n. 

Proposition 3.4. IfJ27=i p~ < n^i> ^ en de g-P/v < N. In particular, this holds if either n < 176 or every 
prime pi is at least . 

Proof. Let A = Y^7=i J~- By Maclaurin's inequality, 

1 _degP E = A _ y J_ >A _n^l. A 2 

l<i<j<n 1 ^ 3 

Thus if A < then N > degP N . 

If every prime pi is at least n ^-, then clearly A < 

Suppose deg Pat > N. We claim that deg Pm 1 > N', where N' is the product of the first n primes. It 
suffices to check that A — p-^r decreases if we reduce any pi and keep the others fixed. The coefficient of 
j- in this expression is 1 — Ylj^ti = 1 + J~ ~ A, which is negative since A > > 2 > 1 + proving the 
claim. Therefore it suffices to check that whenever TV is the product of the first n < 176 primes, deg Pn < N. 
This follows from a straightforward computer calculation. □ 

The smallest N for which deg Pn > N is the product of the first 176 primes, roughly 2.4182 x 10 439 . 
One can use Theorem 13.21 to give a bound on the largest absolute value of a coefficient of Pn(x). 

Proposition 3.5. If deg Pn < N, then every coefficient of Pjv(x) has absolute value at most n ■ 
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Proof. Let us denote by ff the function defined in Theorem 13.21 corresponding to the set S. Then since the 
theorem holds for all ff (and the expression for the coefficients is linear in the ff), it will also hold for the 

average g t = 2"(=) Es/f ■ N ote that \ gi (k)\ = 2~("- 1 ) for all k. Then 



Although this bound looks rather weak, it is in fact fairly tight as we shall see in Section 5. As a special 
case, we can apply it when n = 3 to recover the result of Gallot and Moree [3]. 

Corollary 3.6. M(3) = 1. In other words, all of the coefficients of (1 — x)<& pqr (x) have absolute value at 
most 1. 

Proof. Proposition ^. 51 (along with Proposition ^. 41) gives M(3) < §. □ 

Applying Proposition 13.51 for n = 4 gives M(4) < 4. We will show that in fact M(4) = 2 in the next 
section. 

We will need the following alternate descriptions of the coefficients of Pn(x). 

Proposition 3.7. Let p be a prime not dividing N, and let aAr(fc) be the coefficient of x k in Pn(x). For 
any Tc [n], write Nt = X);eT ^i- Then 

a pN (k) - a pN {k - N) = E(-l)' T| aJv(P _1 (fc - N T )), 

where the sum ranges over all T C [n] for which k = Nt (mod p) (or, equivalently, for which kN^ 1 = 
E-^Tbr 1 ]? (modp)J. 

Proof. We can write 

n 

(1 - x N )P pN (x) = P N (xP) ■ J](l - x N <). 

i=l 

Computing the coefficient of x k on both sides gives the result. □ 

Note that if N is generic, then this sum always has either or 1 term. 

Proposition 3.8. Let p be a prime not dividing N , and let aj\r(A;) and Nt be defined as in Proposition \3.7\ 
Ifm k = p- 1 (jfc - N[kN-\), then 

a P N(k) - a pN (k - pN) = E (-l) |T| aA'(^/c-Af T )- 

TC[n] 

Proof. Expanding the left side as the telescoping sum 

(a pN (k) - a pN (k - N)) + (a pN (k - N) - a pN (k - 2N)) + ■■■ + (a pN {k - (p - l)N) - a pN {k-pN)) 

and using Proposition 13.71 we see that each subset T C [n] contributes to exactly one term a p ^{k — cN) — 
a p j\r(k — (c+ 1)N), where k — cN = Nt (mod p), or equivalently if c = [(k — A^r)Af _1 ] p . Since mk-N T — 
p~ x {k — Nt — cN), the result follows. □ 

We can use this to bound the growth of M(n) without the restriction that deg Pjv < N. 

Proposition 3.9. M{n) < 25™ 2 +°(» lo s«) . 
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Proof. Note that it suffices to check that M(n)/M(n - 1) < 2™+°( lo s™). 

We may write ciAr(fc) = X^o( ajv (^ — *-^0 — a Jv(fc — (* + 1)^0- By Proposition ^. 81 each term on the right 
side is bounded by 2 n ~ 1 M(n — 1). Moreover, the number of nonzero terms on the right side is bounded by 



degPj 



A' 



N 



de^ " 1_ i = 20(logn) 



Combining these gives the result. □ 



Note that although this bound is weak, it still grows like 2a™ just like the bound found in Proposition l3.5l 
In a certain special case, we can simplify Proposition 13.81 to a form that will be useful later. 

Proposition 3.10. Let p be a prime not dividing N = p\ ■ ■ -p n , and suppose that X^T=i p~ ^ ^ Then for 
any integer k, 

a P N(k) = (- 1 ) |T ' a A f ( TO fc-Ar T ) ' i m 'k-N T < 

Tc[n] 

where m' k = [kp -1 ]^- 

Proof. By telescoping the sum in Proposition 13.81 we find that 

oo 

a p N(k) = ^ (-1) |T| y^Qjy(mfc-iv T -jN). 

Tc[n] j=0 

By Proposition ^. 41 since < L degPjy < N. Thus each infinite sum has at most one nonzero term. 

Such a nonzero term must be aA r ([ TO fc-A r -r]A r ) = a N{ m 'k~N )■> an< ^ ^ * s present if and only if m' k _ N < m k _N T - 
Since m,k-N T was constructed to be the largest integer m such that pm = k — Nx (mod N) and pm < k — Nx, 
and rn' k _ Nrr satisfies the first condition, we have that rn' k _ NT < mk~N T if and only if pm' k _ N < k~ Nt- But 
since both sides of this inequality are congruent modulo N, and Nt — N ■ J2ieT J~ < ^> we can equivalently 
drop the Nt on the right side, and the result follows. □ 

In other words, to find a P N(k), we find a number of terms of the form ±a/v(m), order them by m, and 
sum some initial segment of them. Moreover, note that increasing k by N only changes the initial segment 
and not the terms. If N is generic, then by Proposition 13. 7\ the sum over any initial segment will equal 
a P N(k') for some k' = k (mod N). 

Another consequence of Proposition 13 . 71 is that we can use it to show that many coefficients must vanish. 



Proposition 3.11. Suppose degPjy < N and choose any pi dividing N. Let < k < Ni be an integer such 
that kNf 1 is not congruent to ^j^tIpJ 1 ^ m °dulo pi for any T C [rt]\{i}. Then a^ik) = 0. 

Proof. By Proposition 13.71 a^ik) = aj^(k — Ni) = (since the sum on the righthand side is empty and 
k - N, < 0). □ 

Proposition ^ . 1 1 l implies that a large number of the regions defined by Corollarv l3.3l must yield coefficients 
of zero. Conversely, if ajv(fc) ^ and kN' 1 is not congruent to any Ylje rlPT ]p» m °dulo pi, then k > Ni. 

We will now give a more explicit (and visual) description of Corollary 13.31 for the case n — 3 in the next 
section. 



4 The cases n = 3 and n = 4 

In this section, we will give a more explicit description of Pn{x) when n = 3. We will then use this to show 
that M(4) = 2. 

Let N = pqr. As per Corollary 13.31 we first need to determine the possible orders of the residues in 
{0, [p _1 ]r, [<Z _1 ]r, [p^ 1 + (and the analogous sets for the other primes). Let us write [c]+ = [c] m if 

[c] m ^ and [c]+ = m if [c] m = 0. 
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Lemma 4.1. Letp, q, and r be distinct primes. Then, up to permutation ofp, q, andr, one of the following 
four possibilities holds: 

1. [p-'+q- 1 ^ <[p-\<[q- 1 ]r, 

[r- 1 ] q <\ P - 1 ] q <\p- 1 +r- 1 ]+ 



b- 1 ] P <[r- 1 ] p <r 1 +r- 1 ] + 

2. [p^+q- 1 ^ < [p-% < [q~% 
[r~% < [p~% < [p- 1 + 

[r- 1 ] P <[g- 1 ] P <r 1 +r- 1 ]J 



3. The same as (1) but with all inequalities reversed; 

4- The same as (2) but with all inequalities reversed. 

Proof. Note that if ^([p _1 ] r + [Q ,_1 ]r) is at most 1, then [p^ 1 + q^ 1 ]^ is bigger than both [p _1 ] r and [<7 _1 ] r , 
while if it is greater than 1, then these inequalities are reversed. Since + <7[<7 _1 ]p = pq + 1, it follows 

that 

-i\p-\ + \q~%) + -{[P-% + [r-%) + -([q-% + [r~%) =3 + - + - + -. (*) 
r q p pq pr qr 

Thus the three terms on the left side cannot all be at most than 1. Moreover, they cannot all be greater 
than 1 , for then the left side would be at least 3 + - + - + - . Thus either one or two of these terms is greater 
than 1. 

Suppose that exactly one term on the left side of (t*J is greater than 1, say ■^([p~ 1 ]r + [9 _1 ]r)- We may 
assume without loss of generality that [p~ 1 ] r < [q~%- If [ r ~% > [p _1 ]<?! then 

qr + 1 = q[q^]r + r[r~\ > q[p~\ + r[p^\, SO 

1 > ~\p-% + -\p-% =2 + - + -- -([r-% + [q-\) > 1 + - + - > 1, 
r q pr pq p pr pq 

which is a contradiction. It follows that < and the only possibilities are then (1) and (2). 

Suppose two of the three terms on the left side of Q are greater than 1. We may assume without loss 
of generality that [g _1 ] r < [p _1 ]r < [p^ 1 + q^]t ■ If [r~ l ] q < b _1 ] g , then 

qr + 1 = q[q-% + r^ 1 ^ < qlp-% + ^[p -1 ],, SO 

1 < -[ P -\ + -[P-% = 2 + - + - - -([r-% + [q-%) <! + — + — --<!, 
r q pr pq p pr pq p 

which is a contradiction (since 7 + ^ < !)■ This yields either (3) and (4). □ 



It is now a simple matter to use Theorem 13.21 to calculate the coefficients of P vqr . We will assume that 
N is generic (all other N can be obtained by degenerating these diagrams). For any integer < k < pqr, let 

h{k) = ([k(qr)-%, Upr)- 1 ],, [Hpq)- 1 }^. 

By Theorem 13.21 the coefficient of x k can be written as a sum of three terms depending on the projections 
of h{k) onto the three coordinate planes. If p, q, and r satisfy the first condition of Lemma 14.11 and the 
set S in Theorem 13.21 is taken to be {(q,p), (r,p), (r, q)}, then we obtain Figure [2j The coefficient of x k is 
then the sum of the values corresponding to each of the three projections of h(k) (where + represents 1 and 
— represents —1). This allows us to explicitly compute the coefficient of x k for each of the 64 regions as 
shown in Figure [2j (Note that each region is a product of three half-open intervals that contain their lower 
endpoints but not their upper endpoints.) 

If p, q, and r satisfy the second condition of Lemma |4.1| the resulting coefficients are given in Figure [3] 
The coefficients for when the third or fourth condition is satisfied are given by these same two figures if we 
reverse the direction of each of the axes. Note that it is evident from this that all of the coefficients of P pqr 
are at most 1 in absolute value, so M(3) = 1. 
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Example. Let p = 5, q = 11, and r = 23. Then 

[rt> = l, [^ = 2, [?- 1 + r- 1 ]„ = 3 ) 

[p- 1 + q-% = 12, [p- 1 ], = 14, [g- 1 ] r = 21, 

which is part of case 1 of Lemma B~T1 To find the coefficient of x 71 , we first calculate 

h(71) = ([71 • (11 • 23)~ 1 ] 5 , [71 • (5 • 23)- 1 ]!!, [71 • (5 • ll)" 1 ^) = (2, 1, 13). 

(Indeed, 2 • (11 • 23) + 1 • (5 • 23) + 13 • (5 • 11) = 1336 = 71 (mod 5-11-23).) Thus the coefficient corresponds to 
the region from [r~ 1 ] p to [q^ 1 +r~ 1 ] p , from [r _1 ]«j to [p _1 ] g , and from [p~ x +q~ 1 ] r to [j3 _1 ] r - Then Figure^] 
shows that the coefficient of x 71 equals 1 (as indicated by the box). 

We can also use these diagrams showing the coefficients of P pqr (x) to prove that M(4) = 2. 

Theorem 4.2. M(4) = 2. 

Proof. Let p, q, r, and s be arbitrary distinct primes. Also let us assume that pqr satisfies the first condition 
of Lemma FOI the other cases are similar. For convenience, let us denote each of the 64 regions in Figure [5] 
by a triple of integers from to 3 denoting its position in the p, q, and r directions, and let f(xyz) denote 
the coefficient corresponding to region xyz. For instance, region 211 will refer to the region containing the 
coefficient of x 71 in the example above, and so /(211) = 1. 

Fix a residue k modulo N — pqr. By Proposition 13.101 the coefficients of x k for k = k (mod N) 
in Pn s (x) are partial sums of a signed sequence of eight coefficients of Pn(x) that when plotted into 
the regions of Figure [5] lie at the corners of a rectangular box. Let us denote the corresponding expo- 
nents by feoooj &ooi) &010) • • • j fcin and suppose that they lie in the eight (not necessarily distinct) regions 
xoUoZq, . . . , xiyizi, so the corresponding signed term is g a bc = {—^) a+b+c f{x a ybZ c )- The order in which the 
9abc are summed is given by the order of the k a bc- Note that switching fcofcc and ku c for all b and c will only 
swap xq and x\ and will therefore just change the sign of all the g a bc and not the order in which we sum 
them. Since this will not affect the absolute value of any partial sum, we will assume that /i(fcooo) is minimal 
in all three coordinate directions. 

Note that the sum of all eight of the g a bc is since the coefficients of x k vanish for k sufficiently large. 
Then in order for a partial sum of these terms to be at least 3 in absolute value, at least six of the g a bc must 
be nonzero. 

First suppose all the x a ybz c are distinct. Then by examining Figure [2] we see that there are only two 
places this can occur, namely either 

XaVbZc E {1, 3} x {0, 3} x {1, 3} or x a y b z c € {1, 3} x {2, 3} x {1, 3}. 

In the first case, we find 

(ffooo, 5ooi, ffoio, ffon, ffioo, ffioi, ffiicffiii) = (0, -1, -1, 1, 1,0, -1, 1). 

In order to have a coefficient of absolute value at least 3, we must have that when the g a bc are ordered 
according to the fc bc, all the l's must come before all the — l's or vice versa. But this cannot happen: by 
Proposition 13.111 fcon < ^ooi (since /(133) and /(103) are both nonzero) and likewise fcno < fcioo- The 
second case is similar. 

Therefore we may suppose that not all of the x a ybZ c are distinct, say x$ = x\ (the other cases are similar). 
Then by Proposition 13. 1 It fcob c < k\bc if .9o&c = —gibe is nonzero. Then in order for some partial sum of 
the g a b c to have absolute value at least 3, at least three of the gobc must have the same sign. Then some 
f(xoybZ c ) must differ in sign from both /(xoyi-b-Zc) and f(xoybZi- c ). But an inspection of Figure [2] shows 
that this cannot happen. 

We have shown that M(4) < 2. Since the coefficient of x 233 in -P5. 7. 11.13(2:) is —2, we must have Af (4) = 2, 
as desired. □ 

Having analyzed M(n) for small values of n, we will now give an asymptotic bound for M(n) in the next 
section. 
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Figure 2: Coefficients of P pqr (x) in case 1 of Lemma [4.11 To find the coefficient of x k , compute h(k) — 
([fc((7r) _1 ] p , [k{pr)~ 1 ] q , [k{pq)~ l ] r ) and determine which of the 64 regions it lies in. (All intervals contain 
their lower endpoints but not their upper endpoints.) According to Theorem 13.21 the coefficient of x k can 
be determined by summing the +'s and — 's from its three projections of its region as indicated. 
For instance, the coefficient of x 71 in P5. 11.23(2;) is the boxed 1, which received a contribution of +1 from 
the projection along the q direction and no contributions from the other two projections.. 
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Figure 3: Coefficients of P pqr {x) in case 2 of Lemma H. II 
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5 Asymptotics of M(n) 

In this section, we will show that, although from the values M(2) = M(3) = 1 and M(4) = 2 it might 
appear that M(n) grows slowly, in fact it grows exponentially in n 2 . To place a lower bound on M(n), we 
will inductively construct a polynomial Pn(%) with a large coefficient by applying Proposition 13 . 101 

We first need to show that there exist N which yield arbitrarily large regions. Let N = p\ ■ ■ -p n be 
generic, and let Sj(N) = {EigT^i k \ T C Let us write d(Sj(N)) for the smallest difference 

between two elements of Sj (N) U {pj } (so that it is the smallest length of any region in the jth direction) . 
We will examine what happens when we add to Pj a multiple of Nj . Clearly this will not change Si (N) for 
any i ^ j. 



en 



Lemma 5.1. Fix T C and define to be the fractional part of X^st(1 — p~\Pj ]p») - Th 

Pj ■ zt + X^iGT ^" * s an integer congruent to ^2n^Pi m °dulo pj. In particular, if ^^i^T ~p~ then 



Proof. Recall that ptpj + 1 = pi\Pi X \pj + Pj[pJ 1 ]p i ^ so that 
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Summing over all i gives the result. □ 

Note that zt only depends on the residue of pj modulo Nj. This means that increasing pj by some 
multiple of Nj will tend to keep the residues we care about in the same order while increasing the gaps in 
between them. 

Lemma 5.2. Suppose that J27=i ~ < 1 an< ^ ^ * s generic. Then there exists N' = p\p' 2 ■ • -p' n and a positive 
constant c < 1 such that for all j, p'j > pj, the corresponding elements of Sj(N) and Sj(N') are in the same 
order, and |_§ J + K cp' 3 < d(Sj{N')). 

Proof. We first construct N" = p'{p'2 • "P'n such that for all j, p'j > pj, the corresponding elements of Sj(N) 
and Sj(N") are in the same order, and d(Sj(N")) > 3. 

Fix some j. By Lemma l5.ll the elements of Sj(N) (which are distinct since N is generic) are in the same 
order as the zt- Moreover, if we add a multiple of Nj to any pj to get p" , this does not change the values (or 
order) of the zt- By choosing p'! sufficiently large, we can ensure that the difference between any two p'j ■ zt 
is at least 3 (or as large as needed). Applying this process for all j gives the result. (In order to ensure that 
the p'j are prime, we use the fact that there are infinitely many primes congruent to Pj modulo Nj.) 

Now choose c to be smaller than each yr. Then, as above, replace each p" with some p'j > L"/2J+i ^-y 

adding multiples of the products of the other primes. We claim that the resulting N' satisfies the desired 
properties. By the argument above, we need only check the desired inequalities. Therefore it suffices to 
show that yr < d ( S J^ N U , Fix j, and suppose that we are replacing p" with p'j. Let the smallest difference 
d(Sj(N')) between two elements of Sj(N') U {p'j} occur between \p'j ■ zt] and \p'j ■ zt>~\- (If the difference 
involves p'j, take 1 for the corresponding zt-) Then ii^ii^. > \ ZT — zt>\- But we know from before we 
replaced p'! that | \p't ■ z T ] - \p'! ■ z T '] | > d(Sj(N")), so \z T - z T >\ > gtgt^plzl . We find that 

M >1 , T - ZT ,i-^ > -'(^-))-' -^ > j 7 -i 7 = i 7 . 

Pj Pj Pj Pj Pj Pj Pj 

By ensuring that d(Sj(N')) is large, we are guaranteed that the regions in which the coefficients are 
constant are large. Recall that when we add another prime, the coefficients of the new polynomial can be 
written as signed sums of coefficients of the old polynomial. Therefore, having large regions will allow us 
to use the maximum coefficient many times in these sums, thereby generating a large coefficient in the new 
polynomial. 
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Lemma 5.3. Let N = p\p 2 ■ • -p n be generic with X)™=i ~f < 1- Then there exists N' — p\p' 2 • • 4 P r n o,nd q 
prime such that N'q is generic with^2" =1 ^ + i < 1 smc/i i/iai the height of P^f> q (x) is at least i) times 

the height of Pn (x) . 

Proof. First find N' and c as in Lemma 15.21 and let M be the coefficient of maximum absolute value in 
Pn> {x). Then, by the Chinese Remainder Theorem, choose q such that q > N' (which implies ^ y + 1 < 1) 

and g _1 = [cp'j\ (mod p'j) for all j. Since cp'j < d(Sj(N')), N'q is generic, and we can find an integer k such 
that the coefficients of Pn>(x) corresponding to exponents [q^Qc — J2jeT ^j)]ff> are au equal to M. Since 
M ^ 0, by the converse to Proposition 13. Ill 

j£T jeT 

Observe that 

cN' - N' 3 = {cp' 3 - l)JVj < Icp'jlN'j < cp' 3 N] = cN'. 

Let s — [f J, and suppose T\,T% C [n] with \Ti\ < s and |T 2 > s. Without loss of generality, assume p' x is 
the smallest p'j . Then, since cp[ > s + 1 , 

(LcPj-jA^j) > (s + l)(cN' - N[) = csN' + (cp\ - s - \)N[ > csN' > ^(Iw'jWj) 
jeT 2 jeTr 

Thus all the exponents corresponding to sets Ti of size at most s are bigger than those corresponding to sets 
T2 of size at least s + 1. Choose k = k (mod N') such that 

[q- l (k ]T N$] N , > kq- 1 > [q-\k - £ N$ N , 
ieTi jeT 2 

for all Ti and T2. (Such a k exists because q~ 1 N' < 1.) But now by Proposition 13. 101 

a gN >(k)= £ (-l) lTl a N/ ([q-\k -Y N 'M) ■ ii^'Ck ~Y N 'M < 

Tc[n] i£T jeT 

= 2>i)mjif= E(- i ) i f?)^=(- i ) s+i L!:!>- 



Tc[n] 
|T|>s 



Thus we have found the desired coefficient with large absolute value. □ 

By iterating this procedure, we can construct Pn(x) with large height. We obtain the following result. 
Theorem 5.4. M(n) = 2^ 2 +°(™ lo g«). 

Proof. By Lemma l5.31 we find that M(n) is bounded below by the product of the first n — 2 central binomial 
coefficients. By Stirling's formula, 

log Q 2 ) = i log* - i - 2 f i log ~ - + 0(log i) = i log 2 + (9(log i). 

Summing over the first n — 2 values of i gives log 2- ^ + 0(n log n), so exponentiating gives the desired lower 
bound. Combining this with the upper bound from Proposition 13.91 gives the result. □ 
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6 Pn{%) with height 1 

While we have shown that the maximum height of a polynomial P^(x) with n distinct prime factors grows 
exponentially in n 2 , we will now show that the minimum height of such a polynomial is in fact 1. We first 
describe how to construct such an N. 

Recall that if N = pi • • -p n , then Sj(N) = {[J2ieTPi\j I T c [ n ]\b'}}> and d (Sj(N)) is the smallest 
difference between two distinct elements of Sj(N) n {pj}- 

Lemma 6.1. There exist primes p\ < P2 < • • ■ < p n satisfying the following conditions for 1 < u < v < n: 
( a ) \Pv\u < d(S u (pip 2 ■ ■ -Pv-i)); 

0>) Pv ~ < d (Sv(PlP2 ■ ■ -Pu-lPv)); 

(c) Eti^^i- 

Note that conditions (a) and (b) are equivalent to specifying a particular ordering of Si(jp\P2 ■ ■ - p n ) for 
each i. 

Proof. For n = 2, take p\ < P2 to be any distinct primes. 

Suppose that we have constructed pi, . . . ,p n —i satisfying the given conditions. As in Lemma 15.21 we 
can, in order, increase each pi by a multiple of the others so that the orders of all the Si{p\P2 ■ ■ .p n -i) are 
preserved, d(Si{p\P2 ■ ■ .p n -i)) > 1 for all i, and > 2pi for 1 < i < n — 2. 

Now let p n = 1 (mod P1P2 ■ ■ ■ Pn-i) be a prime large enough to satisfy (c). We need only check conditions 
(a) and (b) when v = n. Condition (a) is obviously satisfied. For condition (b), note that since Pifp^W + 

PnlPn^Pi =PiPn + 1, 

r -ll Pn\Pn Pi — 1 Pn — ^ 1—1 I 
Pn ~ \Pi ]p n = = — = [Pi Pn\ ■ 

Pi Pi 

Then d(S n {pxp n )) = min{ \p^p n \ , K 1 - Pi^Pnl } = LPi"VnJ- Since [p^Pnl < LfPi^nJ < \\Pi l Pn\, 
d{S n (pip 2 Pn)) = [P2 1 Pn\- Continuing in this manner, we see that d{S n (pxP2 ■ • ■ PiPn)) = [jP^Pnl < 
[Pi'-iPnl = d(S n {pip 2 ■ ■ -Pi-xPn)) for all i, as desired. □ 

We claim that if we let = P1P2 ■ • -p n , then the height of Pn(x) will be 1. The following lemma will 
allow us to work with the ordering of the Si(piP2 ■ ■ -p n ) more explicitly. 

Let hf (k) = hi(k) — [kN^ ] Pi , and let xf {k) — Xi{k) be the zth coordinate of the region containing k. 
In other words, Xi(k) + 1 is the number of elements of Si(N) that are at most hi(k), so that Xi(k) ranges 
from to 2" — 1. (We will sometimes think of hi(k) as a residue module pi.) 

For subsets V, W C [n]\i, let us write V < t h < t W (and V <i W) if 

[E J evPjX<h<[E 3 ewPjX- 

Then let ^(Jfe) = V l (k) and W^{k) = Wi(k) be the subsets of [n]\{i} such that the equations Vi(k) -<i 
hi(k) -<i Wi(k) define the region containing k. 

Lemma 6.2. Let N = p\P2 ■ ■ -Pn be defined as in Lemma \ 6.1l For i = n, n — 1, or n — 2, the set 

Vi(k) (~l {n — 2, n — l,n} is determined by the residue of Xi{k) modulo 4- Specifically, suppose V and W are 
subsets of [n — 3] such that V -<i W . 

(i) If i = 7i — 2, then 

V < n -2 V U {n} < n - 2 VU{n- 1} < n -2 V U {n - 1, n} < n -2 W. 

(ii) If i = n — 1, then 

V -<!„_! V U {n} -< n _i W U {n - 2} ^ n _i W U {n - 2, n} -<„_i W. 
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(Hi) If i = n, then 

V < n W U {n - 2, n - 1} -< n W U {n - 2} -<„ W U {n - 1} -<„ W. 

For instance, if Xi(fc) = (mod 4) for i = n, n — 1, or n — 2, then Vi(fc) n {n — 2, n — 1, n} = 0. 

Proof. This follows easily from Lemma 16.11 (i) follows from condition (a) when (it, u) = (n — 2,n — 1) and 
(n — 2, n), (ii) follows from (b) when (tt, u) = (n — 2, n — 1) and (a) when (tt, v) = (n — 1, n), and (hi) follows 
from (b) when (u, u) = {n — 2, n) and (n — l,n). □ 



We will also need the following result in the style of Proposition 13. II 
Proposition 6.3. Let pi and pj be distinct primes dividing N. Then modulo x — 1, 

Proof. The right side can be factored as 



Pn{x) 



((1 - x ^%i^) + x \p7\^ . ( X N _ x \pT%^y 



i j ■ 



1 - x N » 

Subtracting this from the left side and multiplying by 1 — x Nij , we therefore need that 

P N (x) ■ (l - x*' - (1 - x^* N <) ~ x^ N * ■ (x N - X ^ N *)) 

is divisible by (1 - x N )(l - x N v). But since [p]\M + fo 1 ]^ = Nyfoj 1 ]^ + [p'X^i) = N + N, 

(1 - x^i Ni ) + x^'i* ■ (x N - X ^% N >) = x^7 1 ^ Ni (x N - 1) + 1 - x N+N * 

= (1 - x N ») + {x N - l)(x^»* Nt - x N »). 

Thus we just need that P N (x) ■ (1 - x N )(x^ p j ^Pi Ni - x Nij ) is divisible by (1 - x N )(l - x Ni: >), which is clear 
because both exponents in the final term are divisible by N^j. □ 

Let < fcj < N% be the integer such that 

Pih + J2jeV((k) N v = k ( mod N *)- 

Observe that Vf^h) and W^{h) are, as in the definition of Vj(k) and Wj(k), the subsets defining the 
interval containing hj(k) — \p~i ]pj ' ^ ^»(^)} ex cept that we only consider subsets not containing i. (Here, 
{j E Vi(k)} equals 1 if j 6 Vi(k) and otherwise.) 

Lemma 6.4. Let N = P1P2 ■ ■ - Pn be as constructed in Lemma \6. 11 Then for < k < N , 

a N (k) = (-l^-^aN^Ckn-i) ■ {n £ V n - X {k)} + (-1)^)1 a Nn (k n ) • {n - 1 G V n (k)}. 
Proof. Consider the right side of Proposition 16. 31 For any < ki < iVj, the product 



1-X 



-P m (xP') - (1 + x Ni + x 2N > +■■■+ x^ ] ^- 1)N >)P m (x p >) 



contributes ajv 4 (A;j) to the coefficient of OAr(fc) for k = piki + cNi for < c < [p - 1 ] Pi . Considering all possible 
ki, the resulting values of k are exactly those for which < ht(k) < [p~ 1 ] Pi - Then the entire first term on 
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the right side of Proposition l6.3l contributes. for each subset V C [n}\{i,j}, (— ly^a^^i) to each div(fc) for 
which hi(k) lies in the half-open cyclic interval from E ae y P« ]pi to [J2 s evu{j] P^^Pi ■ Now let i = n — 1 
and j = n. By Lemma l6.2f ii). the ajv(fc) that receive a contribution from this first term are those for which 
n & V n — i(k), and there can only be one such contribution, namely the one from V = V n —i(k). This yields 
the first term on the right side of the lemma statement. 
Similarly, the product 

^ ] >< n < ■ x * . pn,w 

1 — x"i 

contributes, for each < kj < Nj, —aNjik) to those aiy(k) for which 

k = [pj'^Ni + \p~\Nj + cNj + pjkj = pjkj + N + N tJ + cNj = Pjk + N tJ + cNj (mod N) 

for < c < pj — [pi~ x ] Pj ■ Over all kj, these are those k for which [p~ 1 ] Pj < hj(k) <Pj- Then the entire second 
term on the right side of Proposition 16.31 contributes, for each subset W C [n]\{i, j}, (— l)l wr l+ 1 a JVj (kj) to 
each aAr(fc) for which hj(k) lies in the half-open cyclic interval from Ea£Wu{i} P7 ipj *° EsewPa" Ipj • 
When i = n — 1 and j = n, by Lemma l6.2f iii), there can again be at most one contribution to any ajy(A;), 
namely when n — 1 € V n (k) and V n (k) — W U {n — 1}, which yields the second term above, completing the 
proof. □ 

Note that this lemma implies that if n € V n -i(k) and n — 1 ^ V n (k), then a,N(k) = 0. 
We can also prove a slightly different version of Lemma [ 



Lemma 6.5. Let N = p\P2 ■ ■ - Pn be as constructed in Lemma \6.1\ For < k < N , 

a N (k) = (-ljl^Wla^flAn-x - A^-i^a^J • {n £ V n -i(k)} 

+ (-l)l y "Wla w „([fc„ + N n _ hn ] N J .{n-lg V n (k)}. 

Proof. By a similar argument as in Proposition 16.31 



' " ' " " J] (1 - x N **) + x^ N < ■ tZ^- 

modulo x N — 1. Now apply the same argument as in Lemma 16.41 with i = n and j = n — 1. □ 

(Alternatively, one can use Proposition 13.71 to compare the corresponding terms in Lemma 16.41 and 
Lemma I6.5H 

We are now ready to prove the main theorem of this section. 



Theorem 6.6. Let N — p\P2 ■ ■ -Pn be as constructed in Lemma \6.1\ Then for all k, |oi\r(fc)| < 1. 

Proof. We proceed by induction on n, having proven the cases n < 3 previously. Note that if pi,P2, ■ ■ ■ ,Pn 
satisfy the conditions of Lemma 16.11 then so does any subset of them. 

By the induction hypothesis, we may assume that none of the four terms on the right sides of Lemma 16.41 
and Lemma l6~5l vanish. In particular, this implies that n V n -i(k), so x n -i{k) is even, and similarly x n (k) 
is odd. 

Suppose x n (k) = 1 (mod 4), so that n— 2,n— 1 € V n (k). We claim that x n -i(k) = 2 (mod 4) and 
%n-2(k) = 2 (mod 4). Indeed, suppose x n -i(k) = (mod 4), so that n — 2,n £ V n -i{k). 

If x n -%(k) = (mod 4), then let m! = [k n + N n --i tn ]jsr n . Since n — 2 6 V n (k) and W n -2(k) contains n but 
not n— 1, it follows that W^" 2 (k n )\{n} — W n ^2{k) does not contain n— 1, so n— 1 £ V^ 2 (k n ) — V n " 2 { m ')- 
Similarly since n — 1 6 V n (k) and W„-i(k) contains n but not n — 2, we have that n-2e V^^ikn). Then 
since x^ r " 1 (m') = x^ r " 1 (fc ra ) + 1, n — 2 ^ ^^^(m). But then applying Lemma lrT4l to ajy„(m') implies that it 
equals 0, which we assumed was not the case. 
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Likewise, if x n - 2 (k) ^ (mod 4), then let t = fen— 1. A similar argument to above implies that n — 2 ^ 
V" - 1 {£) and n e V"^ 1 (£), so that again by Lemma HOI a^ n _ 1 (£) — 0, which we assumed was not the case. 
It follows that if x n (k) = 1 (mod 4), then x„_ 1 (fc) = 2 (mod 4). Then we still have that n — 2 ^ V^f" -1 ^), 
but now n G Ki-™2 _1 W ^ an d om y ^ 3^-2 (&) ^ 2 (mod 4). Therefore if a,N n _ 1 (£) ^ 0, we must have 
x„_ 2 (fe) = 2 (mod 4). 

Assume then that x n (k) = 1 (mod 4) and a:„_i(fc) = x n - 2 (k) = 2 (mod 4), and let m — k n and I = k n -i 
sothata w (fc) = (-l)l v "- 1 ( fe )la J v„_ 1 (^) + (-l) |y ' l(fc)l a Arii (TO). From above, n-2 £ K^ 1 ^) and n ^ V^VHO. 
so 

*N n ^(l) = {~l) ]V ^ lm a Nn _^_ 2 {I n - 2 ), 

where £ n - 2 is defined as in Lemma IQ1 applied to ajq n _ 1 (£). Similarly, n — 2 ^ ^^^(m) and n — 1 ^ l^" 2 ( m )> 
so 

ajv„(m) = (-l)l^(" l )la JV „,„_ 2 (m, i _ 2 ). 
Since V^ 2 \£) = V^ 2 {m) = V n - 2 (k) D [n - 3], we have that 

±a N (k) = (-l) lV "- l{k)l a Nn _ ln _ 2 (£ n ^ 2 ) + {-l)^ m a Nnn _ 2 {m n _ 2 ). (*) 

Let s = [k n - 2 — N n _ n - 2 ]N n 2 . We claim that the right side of (*) equals — <i7v„_ 2 (s), which will complete 
the proof in this case by the inductive hypothesis. 

It is straightforward to check that Vn n ~ 3 {s) = V n {k)\{n - 2} and V^"{ 2 {s) = V n - X {k)\{n - 2}. Then 
by Lemma 16.41 

= (-l) lV "- r2(s)l a Nn ^ 2 (s n -i) + (-l) lV " n ~ 2{s)l aN n ^ 2 (s n ) 
= - ((-l) |V - l(fe)l aiv n _ 1(n _ 2 (s„-i) + (-l) |y " (fe)l ajv„,„_ 2 (s n )) 

Therefore it suffices to show that ajv„_i „_ 2 (£ n - 2 ) — a N„-i „- 2 (sn-i) an d °iv„ n-2("*n-2) = a 7V„,„- 2 (*n)- 
For all i G [n]\{n -l,n — 2}, 

h N n -i, n - 2 { - n _ x) = h N n -, {s) _ [p -l_ iV . {l e V^ r(s)} . 

When also i ^ n, ftf"- 3 (s) = h? n - 2 {k n - 2 ), so since V^T = V n - 2 {k)\{n - 1}, 
/ l f- 1 "- a (5n-l) = h^- 2 (kn- 2 ) - [p-\] Pl ■ G ifrW) 

= frf (fe) - [p^ 2 ] Pi ■ {z e K_ 2 (fc)} - • {* g V n N _r 2 ( S )} 

= h?(k) \p-\U ■ {* e K-i(fc)} - [ P -\V ■ {* e Kf-T 1 W> 

= ^- 1 -- a (ln- 2 ). 

When i = n, 

= C"- 1 ^) - [p-l 2 ] Pn = C"-^- 2 (4- 2 ) - [p-fiaU. 

But since x n (k) = 1 (mod 4), Lemma 16.21 implies that even with the shift of [p^_ 2 ]p n , s«-i and £ n - 2 still 
lie in the same region for A„_i, n _ 2 , proving that 0/v„_i n _ 2 (Ai-2) = a A r „-i,„- 2 (sn-i)- A similar argument 
proves that 

frn-i n_2 (*n) = h^- 2 (fh n ^ 2 ) - \p~L 2 ]p n -i = h n-l( k ) - [Pn-ak-i ~ [P^k-n 
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while h i n '"~ 2 (s„) = h i "• n ~ 2 (ffi n _ 2 ) for i e [n — 3], and Lemma 16.21 once again shows that s n and m„_2 lie 
in the same region for N n ,n-2- This completes the proof in the case that x n {k) = 1 (mod 4). 

The only case remaining is when x n {k) = 3 (mod 4). This follows by essentially the same argument 
as the previous case: first, in order for the four terms on the right sides of Lemma 16.41 and Lemma 16.51 
not to vanish, we must have x n —i(k) = x n -i(k) = (mod 4). Then let I' = [k n ~i — •N n -i,n.].iV»-i an d 
m' = [k n + N n -i }n ]N n as in Lemma [6T5l Once again, we find that n — 2 Vn n ~ 1 {i') — V n (k)\{n — 1} and 
n & = Vn-z(k), so that by Lemma EM 

a Nn .S') - (-l) |V "- Vl(0l aiv„_ 1 ,„_ 2 (4- 2 )- 

Similarly 

«jv„K) = (-i)i^-v 2(m)| aJ v„.„_ 2 «„ 2 ). 

Then, since vjV(0 = ^ 2 K) = V n - 2 {k), 

a N (k) = {-l)^-^a Nn _ x {i') + (-l)\ v ^a Nn (m>) 

= ± ((-l) |V - lWl ^ B _ lin _ a (^_ 2 ) + (-l) K(fe) W„, n _ 3 «_ 2 )) (**) 

An analogous argument to the previous case now shows that the two terms on the right side of (**) equal 
the two terms on the right side of Lemma T6.5I when applied to aAr„_ 2 which completes the proof by 

induction. □ 
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